The reassessment of existing structures leads to analyse the impact of local defects on the structural behaviour. This paper proposes a cracked beam finite element with a view to introducing the effect of large through-cracks in the structural analysis for framed structures like jacket offshore platforms. The model parameters are identified for several joint typologies using 3D finite element results.
INTRODUCTION
The study of the impact of through-cracks on the structural integrity of offshore structures such as jacket platforms is still a challenge. For reassessment purposes, one needs to develop specific criteria so as to introduce the effect of structural redundancy in presence of a through-crack and decide whether to repair or not. The purpose of this paper is to build a finite element representing the behaviour of a through-cracked tube. The paper depicts how to transfer the main mechanical effects of a through-crack to the structure behaviour using an equivalent cracked beam finite element (CBFE). A number of studies, e.g. [1] [2] [3] [4] [5] , have been carried out, yet giving rather incomplete solutions mainly for structural components loaded in their plane. Some were devoted to the influence of the joint flexibility in offshore structures subjected to fatigue loadings; see, for instance, [6] [7] [8] . The formulations proposed therein showed the significant role of the loadings as well as the typologies of nodes (T-joint, Y-joint, K-joint or TK-joint). In [7] , the flexible joints were modelled by means of three springs and their stiffnesses were given in parametric forms.
Other authors modelled complex joints without cracks by using thin shell elements, e.g. [9, 10] ; or to introduce specific limit conditions in buckling analysis [4] .
The CBFE proposed in this paper enables one to consider all geometrical typologies of nodes which are encountered on jacket structures. First, we describe the cracked beam by introducing four mechanical parameters (two stiffnesses and two eccentricities). The stiffness matrix is derived from the strain energy as a function of the four parameters. Also, the comparison is made with the force method. Second, the model parameters are identified using 3D finite element results. The efficiency of the proposed model is shown through some specific joint typologies.
DESCRIPTION OF THE CRACKED BEAM FINITE ELEMENT (CBFE)
This section describes the CBFE with the purpose analysing the behaviour of a through-cracked tube, see Figure 1 . The through-crack is modelled as a loss of stiffness which is represented by two torsional springs and two eccentricities due to the shift of neutral axis of the tube. Therefore, applying an axial force leads to a momentum at the cracked section. This effect is significant when analysing framed structures such as jackets offshore platforms.
The stiffness matrix K for a cracked tube
The cracked finite element will be next described in the local axis system. The x-axis is directed towards the tube length (Figure 2 ) whereas the y and z-axes can be arbitrarily chosen (since the cross-section is circular, any axis in the section is principal). The shift of the neutral axis along the y and z-axes is represented by two eccentricities e y and e z and the stiffness loss by two torsional springs of stiffness k y and k z between points 1 and 4.
Let us denote by U the nodal generalized displacement vector of the cracked beam element, including rotations 
where u i , v i , w i are the nodal displacements and j i the nodal rotations. [2] .
The portion of the beam element between points 3 and 4, which represents the eccentricities, is considered as rigid. Therefore,
By assuming small rotations in portions 4-3, the displacement of point 3 is related to that of point 4 by the rigid solid relationship
where Inserting conditions (4) and (5) into Equation (6) leads to
Relations (3) and (7) give rise to expressions for the terms in the strain energy (2) du(
where vectors N i (x) are defined as 
Thus, the strain energy (2) can be expressed as a function of the nodal displacement vector U
The stiffness matrix K is then derived from its definition W =
Due to the additional degrees of freedom y 4 and z 4 , the stiffness matrix is of dimension 14 × 14 instead of the usual dimension 12 × 12. The stiffness matrix K can be recast as follows:
where the subscript a recalls the additional degrees of freedom y 4 and z 4 and
If the crack does not exist, the eccentricities e y and e z tend to 0 whereas the torsional stiffnesses tend to infinity. The points 1, 3 and 4 coincide so that one can sum up the lines and columns corresponding to The equilibrium equation for a CBFE is
where U T a = y 4 z 4 and F 1 , F 2 are loading vectors, respectively, at nodes 1 and 2.
Comparison with the force method
The force method was described in [1, 2] . This method consists in computing the compliance matrix for a cracked finite element from the stress energy. The stiffness matrix K is then obtained as the inverse of the compliance matrix. Its expression was given in [1] for the 2D case. In order to compare the force method with the CBFE model proposed herein, we have extended the aforementioned expression to the 3D case. The symbolic calculation, conducted using the Matlab software [11] , was lengthy and the resulting expression for K was much more complex than (12)-(18). Let us here give only the term K (1, 1) obtained from the force method
with
However, further tedious computations show that by and large the force method and the CBFE model do give the same final results, as expected. This has been checked on the example of a T-joint structure composed by a vertical beam clamped at its ends and a horizontal cracked beam welded onto the vertical beam and loaded at the free end. The parameters e y , e z , k y and k z are identified following the procedure described in Section 3. It is found that the strain (or stress) energy obtained by the two methods are identical to within less than 0.1%. In the following, only the stiffness matrix obtained by the CBFE model is considered.
IDENTIFICATION OF MODEL PARAMETERS

Identification principle
The cracked finite element involves the parameters e y , e z , k y and k z which are to be identified. The identification will be carried out on the problem of a cracked tube built in a rigid plate, see Figure 3 where the local axis systems relative to the cracked tube and the plate are shown. The y 0 -axis for the plate is directed along by the intersection line between the plane of the cracked section and the symmetry plane (x, y) of the structure. The dimensions of the tube are given standard values in offshore engineering: length l = 10.2 m, average radius r m = 0.55 m and thickness t = 0.02 m. On the other hand, the parameter identification is performed with various positions of the tube and the crack defined by: the angle between x and y 0 -axes; the angle between the crack axis and y 0 -axis; and the half-opening angle of the crack.
Given a triplet ( , , ), the parameters e y , e z , k y and k z are identified by minimizing-in the least-squares sense-the difference Q between the displacement U 2 at the free end of the CBFE model and the displacementŨ 2 obtained from 3D finite element computations.
3D finite element computations
For each triplet ( , , ), the target displacementŨ for the minimization problem (23) is obtained from 3D finite element computations using the software CAST3M [12] . A specific routine is added in CAS3TM in order to generate regular meshes in the neighbourhood of the crack front (Figure 4(a) ). The tube mesh is composed of 20-node brick elements, with nel elements along the tube length and nec elements along the circumference of the cross-section.
Remark
Other meshes with 8-node rectangular shell elements are also used, see Figure 4 (b). In fact, whereas the 3D and shell elements give the same global results, only the 3D meshes allow to the stress intensity factors, which are not presented in this work, to be accurately computed. Therefore, only the numerical results obtained with 3D elements are presented in this paper. 
Formulas for identifying the model parameters
The displacement U 2 in (23) can be expressed in terms of the model parameters by solving Equation (19) with u 1 = 0
where S 2 denotes the compliance matrix condensed at node 2 of the cracked finite element. In the sequel, in order to facilitate the computations, all the equations will be written using rather the homogenized displacement vectorŨ * 2 obtained by multiplying the rotations by the length l of the element, and the homogenized force vector F * 2 by dividing the moments by l. With these homogenized variables, the minimization problem reads
where S * 2 are the homogenized compliance matrix. For brevity, U * 2 , F * 2 , S * 2 will be denoted U * , F * , S * in the sequel. By noting that
it can be shown that minimizing Q with respect to e y , e z , k y and k z leads to the following equation system: 
It has been shown in [2] that applying a shear force or a bending moment at the free end of the element leads to same results for the minimization problem. Here, we choose to apply a shear force T y along the y-axis so as to identify e y and k z . The load vector is then F * T = 0 T y 0 0 0 0 . Solving Equation (27) then yields
In order to identify e z and k y , let us now apply a shear force T z along the z-axis, i.e. F * T = 0 0 T z 0 0 0 . Solving Equation (27) then yields
The study of the convergence of the CBFE model parameters is carried out with respect to the mesh refinement, namely the element numbers nel and nec. Figures 5(a) and (b) plot eccentricity e y versus nel (nel = 30-50) and nec (nec = 30-200) for = 90 • , = 0 • and = 16 • . It is found that e y varies little with nel-the variation is less than 3%-whereas it varies significantly with nec. The parameter identification is highly sensitive to the robustness of the 3D meshes and to the assessment of the homogenized displacement at the end of the beam. In case of throughcracks the computation of u is very sensitive to the mesh. This is mainly due to the sensitivity to the longitudinal displacement at the free end of the finite element. Hence, in practical use, the above expressions for e y and e z can be advantageously replaced with the available semianalytical ones. Without going into details, here we give the semi-analytical formulas for e y and e z For specific studies where geometry is fixed, we have selected 50 and 110, respectively, for nel and nec. This choice was confirmed by a sensitivity study concerning geometrical parameters , and .
In the objective to give an overview on the main trends which governs parameters variations, we select in the following nel = 20 and nec = 50. It allows to reduce widely the number of calculations.
Results: the identified model parameters
A series of computations for identifying k y and k z are undertaken by considering various geometry values ( , and ). Figures 7(a) and (b) depict the surfaces of k y and k z versus and , for fixed to 90 • (the tube then is perpendicular to the plane). For a fixed value, k y reaches two local maxima at = 0 • and 180 • and one local minimum at = 90 • ; this is most noticeable for small values. On the other hand, k z presents an opposite variation, with two local minima and one local maximum. These variations can be accounted for by simple geometrical considerations.
Indeed, for a given , the larger ∈ [0 • , 90 • ], the more so is the projected area of the crack on the y-axis and the smaller the projected area on z-axis; hence, the inertia and stiffness of the section with respect to the y-axis increase whereas those with respect to the z-axis decrease. The opposite trend occurs for ∈ [90 • , 180 • ].
Figure 8(a) shows the curves of k y and k z for = 90 • and = 0 • . They are obtained by fitting all the numerical results presented in Figure 7 using a polynomial function of degree 5. In this case, stiffness k y is higher than k z and the difference between the two values decreases as increases; this is due to the fact that the projections of the crack surface onto y and z-axes become closer as increases. In the particular case when = 90 • and = 45 • , the projections of the crack surface are identical and so are stiffnesses k y and k z for the cracked surface, as clearly shown in Figure 8(b) . The difference between the unfitted and fitted curves for the last case reaches 6.9% for small crack openings.
APPLICATION
A computer program has been developed on the basis of the previous analysis to deal with framed structures. It includes the proposed CBFE together with classical beam elements to model uncracked tubes and plate elements with rectangular sections.
By means of this program, the CBFE model is assessed through the example of a cracked tube welded to a flexible plate (Figure 9 ). The tube is of length l = 10.2 m, external diameter D e = 1.12 m and internal diameter D i = 1.08 m. The plate is rectangular, twice as long as the tube; its section is rectangular of width a = 2.2 m and thickness b = 0.23 m. The tube is welded perpendicularly to the plate at the middle of the plate. It is assumed that the symmetry plane of the crack is the same as that of the structure, i.e. = 90 • , = 0 • . The tube is subjected to the force F = − 10 6 N applied at its free end and directed along y-axis parallel to the plate length. The results are compared with (i) those from the strength of materials and (ii) those from 3D finite element computations using 20-node brick elements as shown in Figure 9 . The deflection can be readily derived from the strength of the materials, to do this one just has to carefully distinguish the second moment of area for a tube section I tube = (D 
where E = 2.1 × 10 11 N/m 2 is the Young modulus and k z the spring stiffness from the cracked beam model. Figure 10 and Table I show the deflection v at the tube free end versus the half-opening of the crack, obtained from the cracked beam model CBFE, the 3D finite elements and the strength of materials. The cracked beam model and the strength of the materials give almost identical results. The difference between 3D finite element results and the two other theories reaches 23% for = 20 • , yet it does not exceed 11% for other values. In fact, the 23% difference should not be taken into account, since other computations which are not reported here show that it is difficult to obtain optimal 3D meshes and good results for small crack opening values, say less or equal to 20 • .
CONCLUSIONS
A new finite element has been presented in order to take into account the effect of large throughcracks in the structural analysis of steel-framed structures like the jacket offshore platforms. This cracked beam element based on the strain energy involves four parameters (two eccentricities and two stiffnesses) which represent the loss of stiffness. These parameters have been identified on the basis of several joint configurations. Then, the cracked element model has been applied on a T-tubular joint, giving results which are in very good agreement with the strength of materials, and quite satisfactory agreement with 3D finite elements.
